So far, the two branches of real discrete spectrum of complex PT-symmetric Scarf II potential are kept isolated. Here, we suggest that these two need to be brought together as doublets:
In PT-symmetric quantum mechanics [1, 2] , one considers non-real, non-Hermitian Hamiltonians which are invariant under the joint action of Parity (P : x → −x) and Time-reversal (T : i → −i). Even the most simple Hamiltonian H = p 2 + V (x) corresponding to the Schrödinger equation for these potentials has given amazing results. Based on numerical computations Bender and Boettcher [1] conjectured that the spectrum of V BB (x, ) = x 2 (ix)
was entirely real when ≥ 0. Next, for −1 < < 0 the spectrum consisted of a few real and the rest as complex-conjugate pairs of discrete eigenvalues. In the former case the energy eigenstates were also the eigenstates [1] of PT and the PT-symmetry was exact or unbroken.
Interestingly, V BB (x, 2) = −x 4 is a real Hermitian barrier (not a well), the real positive discrete spectrum has been aptly interpreted [3] as the reflectivity zeros in scattering from such potentials as V (x) = −x 2n+2 , n = 1, 2, 3..
Several exactly solvable potentials were complexified to produce [4] exactly solvable complex PT-symmetric potentials having real discrete spectrum. Existence of two branches of real discrete spectrum in complex PT-symmetric Scarf II was revealed [5] and interpreted in terms of (unknown) quasi-parity [6] . Complex PT-symmetric Scarf II V (x) = −V 1 sech 2 x + iV 2 sechx tanh x, V 1 > 0,
was shown to be a exactly solvable model displaying the spontaneous breaking of PTsymmetry when the the strength of the imaginary part, |V 2 |, exceeded a critical value of [7] , where −V 1 (V 1 > 0) was the strength of the real part. Such a phase transition of eigenvalue from real to complex conjugate pairs in complex Scarf II has inspired several theoretical investigations [7] [8] [9] [10] [11] . On the other hand very interesting experiments in wave propagation and optics [12] have been performed where they realize PT-symmetry as equal gain and loss medium.
The paradigm model V BB (x, ) [1] [2] of complex PT-symmetric potential was solved numerically for energy eigenvalues and the obtained eigenvalues can seen as
.. in the increasing order. Only E 0 was unpaired, other levels were paired as doublets. These pair coalesce in the parametric domain ∈ (−1, 0).
For ≥ 0, they open up to diverge from each other. In another model V A (x) = x 4 + iAx [13] when |A| < 3.169, the whole discrete spectrum is real and the eigenvalues can be arranged as (E 0 , E 1 ), (E 2 , E 3 ), (E 4 , E 5 )...., here the pairing of doublets unlike the case of V BB (x) starts from the ground states itself. In Hermitian case, doublets mean even(odd) parities or even(odd) numbers of nodes of eigenstates. In complex PT-symmetric quantum mechanics the energy eigenfunctions are complex and they loose definite parity [14] hence the number of nodes are no more meaningful. The interesting question arising here is whether one can assign a quasi-parity to the levels/states of these doublets.
On the contrary for the exactly solvable versatile complex PT-symmetric Scarf II, two separate branches of real discrete spectrum occur by virtue of the two linearly independent analytic solutions of the Schrödinger equation. Here, one can have E n + and E n − with ± denoting some (unknown) quasi-parity [5, 6] . Consequently, due to the isolation of these two In this Letter, we study both the branches [E n ± (V 2 )] together by fixing V 1 and varying V 2 slowly and smoothly to reveal the accidental crossing of two energy eigenvalues curves unlike the Hermitian case in one dimension. However, we will show the corresponding eigenstates become linearly dependent to dislodge degeneracy in one dimension, once again.
We demonstrate some more features of eigenvalues including the coalescing of these two branches of real discrete eigenvalues to complex conjugate pairs when PT-symmetry breaks down spontaneously (when |V 2 | > V 1 + 1/4 [7] ). In schrödinger equation, we generally take
Let us define
then the real discrete spectrum of Scarf II is given as
Here, for a fixed n, E n + < E n − so we shall be calling E + as lower eigenvalue i.e. E 0 + is the ground state. Unlike the case of real Hermitian Hamiltonians in the case of complex PTsymmetric Hamiltonians the oscillation theorem connecting the nodes of the eigenfunction with the quantum number n does not follow. The respective eigenstates are given as [7] 
The Jacobi polynomials P a,b n (i sinh x) [15] are polynomials of degree n in sinh x at large values of |x| their divergence is damped by (sechx) ν as n < ν = (s±t−1)/2. The exponential terms is always finite. Consequently, we get L 2 −integrable eigenfunctions satisfying Neumann boundary condition.
An other interesting form of the eigenstates of (1) can be written as [7] 
which helps in the sequel. These two branches (±) are kept in isolation. Let us see when and whether the condition
is met. From Eq. (6) the interesting condition is
Thus, when t(V 1 , V 2 ) is an integer the two eigenvalue curves can intersect. This amounts to occurrence of degeneracy, we are however in one dimension (see Appendix 1). Here we claim an interesting (un-noticed) property of Jacobi polynomials, namely
we prove this in the Appendix 2. Therefore when t = j then
where C is independent of x or z. Hence, two intersecting energy eigenvalues will have corresponding eigenstates as linearly dependent, confirming no degeneracy in one dimension even in non-Hermitian PT-symmetric quantum mechanics.
When |V 2 | > V 1 +1/4, PT-symmetry is spontaneously broken t becomes purely imaginary i.e., t = ir and all E n ± pairs become complex-conjugate.
The corresponding eigenstates are [7] 
These eigenstates are L 2 -integrable as the divergence of the Jacobi polynomial P 
For V 1 = 20 and V 2 = 0 Scarf II is real Hermitian and it has 4 real discrete eigenvalues with states of definite parity: even/odd. Next we vary V 2 from 0 to V 2 (> V 1 ). In Fig. 1(a) see the variation of E Figs. 1(b) and 1(c) , respectively. Only E 3 + exists and E 3 − does not exist (see Fig. 1(c) ).
In Fig. 2(a) all the curves of Fig. 1(a,b,c,d ) are put together to present the hitherto unnoticed feature of level crossings when V 2 takes values special values 11.25, 16.25 and 19.25 (see the condition (7)). Fig. 2(b) shows the variation of t(V 1 = 20, V 2 ) and at special values of V 2 it becomes 3, 2 and 1. Since discrete levels exist only for n ≤ 3 we do not consider the case of t = 4. Also see the special pairs of eigenvalues becoming identical in Table 1 Table 1 .
In Table 1 , the discrete eigenvalues of scarf II (1) are given for a fixed value of V 1 = 20.
When V 2 = 0, the Hermitian potential (1) has four real discrete eigenvalues. Even when strength of the imaginary part i.e., V 2 = 5 we have four real eigenvalues only in the + branch. When V 2 > 5 the other branch starts picking up for instance when V 2 = 9 we have E 0 − appearing. Then on, the negative branch start developing. Had the Scarf II not been solved analytically, then by numerical integration of Dash signs mean absence of a discrete eigenvalue. Table 1 ) in the ascending order even without knowing whether they belong to + or -branch. By virtue of exact analytic results (2-6) of Scarf II (1), we are familiar with two spectral branches of it. For example, we confirm these eigenvalues as negative energy poles (Fig. 3) in the transmission probability, T (E) [18] of Scarf II (1). The sequence of six eigenvalues is like :
3 + which appears arbitrary with regard to the subscripts and superscripts. We emphasize that there needs to be some theoretical basis under which we should know the number of spectral branches for a given complex PT-symmetric potential regardless of whether it is solved analytically or numerically. Next, all the branches need to be mixed for full discrete spectrum. This would further require a new scheme to re-label the eigenvalues and eigenstates.
When V 2 = 20.25 = V 1 + .25, all the energy doublets coalesce and become equal, see three equal pairs of real discrete energies in Table 1 . Not shown here is the plot of T (E) for this case which has three clear poles at three negative energies: -7.49, -2.82, -0.46. For V 2 = 20.10 there will be three closely lying doublets.
When V 2 > 20.25 all the eigenvalues become complex conjugate pairs and their real part is shown to vary linearly in (a,b,c,d) parts. In Fig. 1(c) the real part of CCEE of eigenvalue also becomes positive but the corresponding eigenstate remain square integrable boundstates. See Table 1 , for V 2 = 21, we find three pairs CCEE. For V 2 = 25, we find 3 pairs of CCEE, the last pair is interesting as its real part is positive. It turns out that the eigenstates which are controlled by n < (s − 1)/2 will remain L 2 -integrable bound states irrespective of whether real prat of CCEE is positive or negative. Apart from these real or CCEE discrete states the Scarf II will have continuous part of spectrum where in various parametric regimes it displays interesting novel scattering properties [19, 20] like nonreciprocity [21] , spectral singularity [22] , coherent perfect absorption with [23] and without [24] lasing.
When PT-symmetry breaks down spontaneously as a parameter of the potential passes over a critical value, each of these pairs change over to CCEE states. Before and after this transition the eigenstates would be orthogonal in the proposed way [30]
We conclude that if one isolates two branches of discrete eigenvalues of complex PTsymmetric Scarf II, the coalescing of real eigenvalues to complex conjugate energy eigenvalue (CCEE) pairs and hence the spontaneous breakdown of PT-symmetry can not be discussed.
And if one bring these two branches together, interesting variations of discrete eigenvalues emerge. In this, the most interesting is the accidental crossings of two eigenvalues. Since level crossing mean degeneracy which can not occur in one dimension, we could succeed in showing the linear dependence of such pairs of eigenstates by proposing and proving an un-noticed property of Jacobi polynomials. Given a complex PT-symmetric potential regardless of whether it is solved numerically or analytically there is a need of a criterion to tell the number of spectral branches: one or more. Further, the spectral branches need to be mixed for full discrete spectrum.
Appendix 1 Proposition 1:
Let ψ m (x), ψ n (x) be two L 2 −integrable solutions of one dimensional time-independent Schrödinger equation satisfying Neumann boundary condition: ψ(±∞) with an equal eigenvalue E, then ψ m (x) and ψ n (x) are linearly independent.
Proof: Let the potential V (x) (real or complex) in Schrödinger (2µ = 1 =h 2 ) equation
gives rise to two solutions ψ m (x) and ψ n (x) with the same energy eigenvalue E, then we write
Multiply the first by ψ n (x) and the second by ψ m (x) and by subtracting them we get
leading to
where C is constant independent of x which can as well be determined at x = ±∞. As the eigenstates satisfy ψ j (±∞) = 0, we get C = 0. Further we get, 
Appendix 2
One of the representations of Jacobi polynomials [15] is 
